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Motivations: LES & Subgrid Closure

# of DOFs of 3D turbulent flows grows as  

Idea: Use a Subgrid Closure model to decouple 
resolved/large dynamics from unresolved/small scale 
dynamics

Subgrid cut
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The subgrid closure models are evaluated in terms of mean fields of resolved scales and/or statistical moments 
(energy spectrum, correlations, …)
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Q: Can we define a subgrid closure model that, reproduces the “true” (filtered DNS) statistics of the resolved 
scales up to very high order statistical moments?

The subgrid closure models are evaluated in terms of mean fields of resolved scales and/or statistical moments 
(energy spectrum, correlations, …)
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Huge amount of data needed to reach convergence of high order statistical 
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Reduced Setting: Shell models of Turbulence

Q: Can we define a subgrid closure model that, reproduces the “true” (filtered DNS) statistics of the resolved 
scales up to very high order statistical moments?

The subgrid closure models are evaluated in terms of mean fields of resolved scales and/or statistical moments 
(energy spectrum, correlations, …)
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System of N (~40) coupled ODEs representing Homogeneous 
Isotropic Turbulence in Fourier Space 

       : energy of fluctuations present at logarithmically 
equispaced scales                                                  

Convective term, coupling 
the shells. nonlinear and 
local (in fourier space) 

Forcing, active 
only at large 
scales Dissipation, 

only present at 
the smallest 
scales

Shell Models

total energy:



Shell Models: Subgrid Closure 
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1. Split in “large scales”           and “small scales”  :   

2. Define a model for the small scales given the large ones
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[4] L. Biferale, A. A. Mailybaev, and G. Parisi, Optimal subgrid scheme for shell models of turbulence, Phys. Rev. E 95 (2017).

1. Split in “large scales”           and “small scales”  :   

2. Define a model for the small scales given the large ones

This problem is not trivial even in the simplified setting of the Shell Models, and has 
been recently tackled in [4]

https://link.aps.org/doi/10.1103/PhysRevE.95.043108


Methodology: 
LSTM-LES
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❖ Modification of classical 
Runge-Kutta multistep 
integrator:

❖ at each sub-step, we augment 
with information regarding the 
subgrid fluxes

❖ The subgrid fluxes are 
computed via Recurrent 
Long-Short Term Memory 
Neural Networks 
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Results

❖ Energy balance for 
the Fully Integrated 
shell model



8

Results

❖ Energy balance for 
the Fully Integrated 
shell model

❖ Energy balance for 
our LSTM-LES
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Average over time 
and samples

Eulerian Structure Functions, red for the fully 
resolve, green for our LSTM-LES

❖ shell index in the x-axis
❖ subgrid cutoff at n=15
❖ orders p=1..10

On the inset, Anomalous exponents

Results
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(Normalized) pdf of the (real part) of the shells, red 
for the fully resolved, green for our LSTM-LES

❖ shown shells n=4, 9 and 14 (cutoff is at 15)
❖ Normalized log scale 

(Gaussian is parabola)
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(Normalized) pdf of the (real part) of the shells, red 
for the fully resolved, green for our LSTM-LES

❖ shown shells n=4, 9 and 14 (cutoff is at 15)
❖ Normalized log scale 

(Gaussian is parabola)

intermittency
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Convective Fluxes, red for the fully resolved, green 
for our LSTM-LES

❖ shown shell n=12
❖ log scale

(Normalized) pdf of the (real part) of the shells, red 
for the fully resolved, green for our LSTM-LES

❖ shown shells n=4, 9 and 14 (cutoff is at 15)
❖ Normalized log scale 

(Gaussian is parabola)

intermittency
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Convective Fluxes, red for the fully resolved, green 
for our LSTM-LES

❖ shown shell n=12
❖ log scale

(Normalized) pdf of the (real part) of the shells, red 
for the fully resolved, green for our LSTM-LES

❖ shown shells n=4, 9 and 14 (cutoff is at 15)
❖ Normalized log scale 

(Gaussian is parabola)

backscatter 

intermittency



Conclusions & Perspectives
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❖ Our approach reproduces the statistics of the filtered fully resolved model up to very 
high order

❖ Physical features such as backscatter and intermittency are correctly reproduced

❖ Extension of the proposed model to real 3D Homogeneous Isotropic Turbulence is not 
trivial…

We lose the hypothesis of locality of the convective term
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